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  MATHEMATICAL ASPECTS EXISTING IN COMPLEXITY  

OF EUROPEAN RAILWAY NETWORK 
 

1. Introduction 
 
     This paper analyses the complexity of European Railway Network, using (ANs) networks (A-Networks). 
This is based on networks theory (ANs), on examples of those and also on theory of systems complexity ana- 
lysed by networks (Sorin Baiculescu, 1999-2009), extracting conclusions.   
 
2. General aspects regarding the networks of hierarchical multidimensional evolution (ANs) 
    
   Networks (ANs) are hierarchical multidimensional evolution networks, having different ranks. Their 
complexity varies horizontally on the same rank, or vertically from an inferior rank to a superior one. 
Hierarchically character, evolutive and multidimensional of networks (ANs) is it created by rank of  sets 
and component subsets, the largest set including the set of evolutive relations. Multidimensionality is it 
understood as a number of criterias used to classify the components of the same rank. Sets of inferior rank 
do constitute the subset of rank zero which is belonging of the set immediately superior.  
 
3. Applying network graphs (ANs) into contextual analysis of European Railway Network  
 
       The Networks (ANs) belonging of European Railway Network are: ANs(1) - associate of Regional 
Railway Network (k=1), ANs(2) - associate of National Railway Network, (k=2); ANs(3) - associate of 
European Railway Network (k=3). Those networks have an hierarchically character on horizontal inside the 
same rank and vertically from a lower rank to a higher one. The meaning of signs <i,j> is it shown in 
separate paragraph. Between ANs(k) Networks there are inclusion relationship ANs(1)⊂ ANs(2)⊂ ANs(3)  (6) 
the network of lower rank forms subset of rank zero which is belonging to the immediately superior rank 
(Sk+1,0=ANs(k), k=1,2). The phenomens which are taking place inside the networks are highlighted by 
phenomenological functions (named also operators) noted fi

j(k),  with application on subsets Si
j(k), values of 

them belonging to domains σi
j(k), (i=0,1,2,3; j=0,1,2,…,p; k=1,2,3);     fi

j(k) : Si
j(k)  →   σi

j(k)  (1). For the 
whole set Si

(k) : 
         p                    p 

hi
(k) =∑ Ii

j(k) = ∑ ∫ fi
j(k)dSi

j(k)   (2)  in care  Ii
j(k) = ∫ fi

j(k)dSi
j(k)  (3)  is quantifying  the effect created by the  

             j=o                 j=o  Si
j(k)                                                                 Si

j(k)                             operator fi
j(k) from subset  Si

j(k)   
  
Variation mode of index k, p, i, is shown in Table 1. 
                                                                             Phenomenologically functions  ϕ ij,j+1(k) si ϕ i+1,i

(k)  
Tab.1                                   describe horizontally evolution  (Hi

j,j+1)(k)     k→ 1 2 3 
 i ↓        p 
0 5 2 2 
1 3 1 1 
2 2 2 2 
3 4 4 4 

Variation of index k,p,i           inside of a set and vertically evolution (Vi,i+1)(k)     
inside relations                        (inter-networks, inter-sets) which are taking   
(1),(2),(3)                             place inside the Ωi

j,j+1(k) the respective domain   
               Ωi,i+1

(k) having values in domains. ωi
j,j+1(k) ; ωi,i+1

(k) :          
                                       
                 ϕ ij,j+1(k) : Ωi

j,j+1(k) → ωi
j,j+1(k)  (4)  ;   ϕ i+1,i

(k) : Ωi,i+1
(k) → ωi,i+1

(k)       (5) 
       
     Lots Ωi

j,j+1(k) and Ωi-1,i
(k) establish interfaces between lots σi

j(k), σi
j+1(k) respectively ωi-1,i

(k), ωi,i+1
j,j+1(k). Inside 

them are taking place phenomenoms of transfer, diffusion, fluctuation, and also exchanges (continues/variable) 
of situations, generated  by energy and information. The effect of the phenomenologically functions   ϕ ij,j+1(k) , 
ϕ i+1,i

(k) is quantified through: 
Ii

j,j+1(k) = ( ∫  ((∂ϕ ij,j+1(k)/∂x)dx + (∂ϕ ij,j+1(k)/∂τ)dτ)) + Cij,j+1(k)   (6) 
                 Ωi

j,j+1(k) 

Ii,i+1
(k) = ( ∫  ((∂ϕ i,i+1

(k)/∂x)dx + ((∂ϕ i,i+1
(k)/∂τ)dτ)) + Ci,i+1

(k)     (7) 
                          

Ωi,i+1
(k) 
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x - vector associated to spatial coordinates; τ  - time. General form of operators which are taking place inside subsets Si
j(k) 

belonging to sets Si
(k) of networks ANs(k)  and inside interfaces Ii

j,j+1(k) si Ii-1,i
(k) in shown in (Fig.1): 

 
                             j                                                                                 j+1 
  

        fi
j(k)                        

Si
j(k)  →  σi

j(k)
             ϕ ij,j+1(k)

  Ωi
j,j+1(k)    →  ωi

j,j+1(k) 
 
 
i                                                 Ii

j,j+1(k)

                          
              <INTERFACE>       

 

         fi
j+1(k)                        

Si
j+1(k)  →  σi

j+1(k)

        
                           <INTERFACE>              ϕ i-1,i

(k)       <INTERFACE> 

                                  Ωi-1,i
(k)      →   ωi-1,i
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                                              Ii-1,i
(k)

 

 
 
 
 
 
 
          fi-1

j(k)                                   ϕ i-1j,j+1(k)            fi-1
j+1(k)                    

i-1 
Ωi-1

j,j+1(k)    →  ωi-1
j,j+1(k) Si-1

j(k)  →  σi-1
j(k)

 
             Ii-1

j,j+1(k)
                          

                 <INTERFACE>      

                         

Si-1
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Fig.1 Functional operators inside subsets Si

j(k) belonging sets  Si
(k)  of  network ANs(k)  and inside interfaces  

Ii
j,j+1(k)  and  Ii-1,i

(k) 

 

Complexity of network ANs(k) has expression : CANs
(k) = Aj(k) + B(k) + Ap(k)   (8), in which: 

                                            
            3    p-1

Aj(k) = ∑  ∑ [ ∫ fi
j(k)dSi

j(k) + ( ∫ ((∂ϕ ij,j+1(k)/∂x)dx + (∂ϕ ij,j+1(k)/∂τ)dτ)) + Cij,j+1(k) ]  (9)   
                 i=0   j=0 Si

j(k)                               Ω
i
j,j+1(k)  

                 2 

B(k) =  ∑ [( ∫ ((∂ϕ i,i+1
(k)/∂x)dx + ((∂ϕ i,i+1

(k)/∂τ)dτ)) + Ci,i+1
(k) ]  (10) 

                 i=0      
Ωi,i+1

(k) 

             3 

Ap(k) =  ∑  ∫ fi
p(k)dSi

p(k)  (11)     ;       
                   i=0  S

i
p(k)                                                          Index k, p, i from expressions (8) ÷ (11) are shown in Table 1. 

 

Cooperative and hierarchical system of networks ANs is characterised by formal differentially nonlinear equations, 
of horizontally evolution : si

j,j+1(k)(x,τ) = ϕ ij,j+1(k)(x,∫…,∇,α,τ)  (12), and vertically evolution:  
si,i+1

(k)(x,τ) = ϕ i,i+1
(k)(x,∫…,∇,α,τ) (13) having solutions: 

si
j,j+1(k) (x,τ) = S0,i

j,j+1(k) + ∑εst.,i
j,j+1(k)(τ)ωst.

j,j+1(k)(x) + ∑εinst.,i
j,j+1(k)(τ)ωinst.

j,j+1(k)(x)  (14),  respectively: 
                                        st.                                                              inst.

si,i+1
(k) (x,τ) = S0i,i+1

(k) + ∑εst.,i,i+1
(k)(τ)ωst.i,i+1

(k)(x) + ∑εinst.,i,i+1
(k)(τ)ωinst.i,i+1

(k)(x) (15), making notes on signi-
fication of indexes used.  The parameters used in relations (13), (14), (15) were the following: si

j,j+1(k) - the function 
of  status parameters of horizontally evolution processus; si,i+1

(k) - the function of status parameters of vertically  evo-
lution processus, x – vector associated to spatial coordinates; τ - time; ϕ - nonlinear function; ∫ … integration (is it 
showing the global character of cooperative and enslavement of subsystems); ∇ - operator (is it flows (diffusions)); 
α – vector associate to order parameters; st. - stable regime; inst. – instable regime;  S0 - particular value of vector α 

 
Conclusions: 

 
This paper established the form of hierarchical evolutive multidimensional networks attached to European Railway Network, establishing the complexity and 

nonlinear aspects of it’s functional dynamics (nonlinear differential equations). Between networks ANs(3), ANs(2), ANs(1)  attached to European Railway Network there are 
systemic dependence and also relations of cybernetics settlement of type ANs(1) ⇔ ANs(2) ⇔ANs(3) (feedback / feedbefore). The correct functioning of all ERN network, 
with his attached form ANs , involves functional simultaneity for all his components.  On estimation of ANs(k) Network complexity , phenonmenologically functions involves 
quantitative and qualitative components (marked by indexes C, Q), fi

j(k)  = (fi
j(k)C, fi

j(k)Q);  ϕ i
j,j+1(k) = (ϕ i

j,j+1(k)C,ϕ i
j,j+1(k)Q);  ϕ i,i+1

(k) = (ϕ i,i+1
(k)C, ϕ i,i+1

(k)Q),establishing synergetic 
and informational character of processes. The sums ∑. will be marked  ((C) ∑,(Q) ∑)  simultaneity of phenomens being marked by <∧ >. In the following annexe is it showing 
the actual European Railway Network, marked by ERN, establishing and spotlighting the main components belonging to ANs calculation form, presented in this paper. 
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INTERNAL RELATIONS 
 

EXTERNAL 
RELATIONS 
 

EVOLUTION 
RELATIONS 
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NET- 
WORK 
 (level) 

k
↑ 

p
↑ 

j
↑ 

SETS Si
(k) COMPONENTS OF RAILWAY NETWORKS OF HIERARCHICAL  

MULTIDIMENSIONAL EVOLUTION ANs(k) 

 

ANs(k) 
↑ 

EUROPEAN 
RAILWAY 
NETWORK 
(37 
European 
countries) 

             i→ 0                        1 2              3 4 5 

     Hierarchical networks ANs(k) (k=1,2,3) (A–Networks) associated to ERN (European Railway Network) 
   (     input (I)–output (0) inter-networks (3/2, 2/1)), (     input (I)–output(0) intra-networks (3/3, 2/2, 1/1));1,2,3-hierarchical level of the components network 
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