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Interior-point methods for solving constrained �nite-dimensional optimization
problems based on the logarithmic penalty are recognized as being presently among
the most e�cient algorithms (see [5]).

These methods are also specially well-suited for constrained optimal control prob-
lems since the resulting problem, when variables are ordered over time, have a Ja-
cobian with a band structure, for which there exists e.g. QR factorization software.
The corresponding approach has been applied to real-world aerospace optimization
problems (see [2]). In addition, it can be proved that for unconstrained problems
(to which interior-point methods reduce the original ones) discretization can be ana-
lyzed and evaluated with a good precision, allowing to design e�cient grid re�nement
algorithms (see [1, 3, 4]).

Yet a missing step is the analysis of the error performed when using interior
penalty. There are some results on this topic, including the linear convergence of a
short-step path-following algorithm and O(

√
ε) error estimates (see [6]).

In this work we will focus on a question formulated in [1] concerning the error
of the solution of a penalized problem for linear-quadratic optimal control problems.
Speci�cally, for the model example Min 1

2

∫ 1

0

(u(t)− 2t)2dt + 1
2y(1)2,

ẏ(t) = u(t); u(t) ≥ 0, t ∈ [0, 1]; y(0) = 3
4 .

(0.1)

the system of equations obtained as the �rst order conditions for the penalized problem Min 1
2

∫ 1

0

(u(t)− 2t)2 − ε log u(t) dt + 1
2y(1)2,

ẏ(t) = u(t); y(0) = 3
4 .

(0.2)

is not di�erentiable with respect to the penalization parameter at ε = 0. This is an
important di�culty since it is not possible to apply the standard Implicit Function
Theorem. Instead, they obtain, after an application of the so-called Restoration
theorem, an asymptotic expansion for the adjoint state pε of the type

pε(t) = p0(t) + c(t)ε log ε + O((ε log ε)2). (0.3)

where c : [0, T ] → R is a continuous function. This in turn implies that

||uε − u0||L∞ = O(
√

ε) (0.4)

||uε − u0||L1 = O(ε log ε) (0.5)
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We generalize this analysis to general linear quadratic optimal control problems and
propose a method for evaluating the error that works in a very general framework.
Finally, we obtain a ��rst-order� expansion of the path, allowing to understand how
the variations of the optimal control are related to the junction points (times where
the set of active constraints changes). In addition our results are of a general nature,
and deal with a general interior penalty.
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